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INTRODUCTION 

This progress report covers the activities in the period starting October 1, 

1964 to March 31, 1965. Most research subjects reported earlier are continued. 

In addition, a few new boundary value problems in plasma medium (see 7, 8, 9 and 10 

below) are considered during this period as an expansion of the research work 

in this area. Currently two more graduate students joined this group to 

carry out this expanded work. 

SUMMARY OF THE RESEARCH 

1. Impedance of a Loop in a Magnetoplasma - G. L. Duff 
The quasi-static impedance of a small loop in a magnetoplasma has been 

derived in the case of the steady magnetic field normal to the plane of the 

loop. This quasi-static impedance is identical with the free space impedance 

of a small loop. This fact demonstrates that the loop impedance is less 

dependent on the plasma parameter than the impedance of a short dipole. 

Furthermore, the first-order correction term of the loop impedance was found 

to be independant of the impressed steady magnetic field. This suggested the 

calculation of the impedance of a small loop in a uniaxial .qedium. This i s  

an easier problem to solve than the quasi-static case, because the fields are 

expressable in closed form. It was found that the loop impedance for the 

uniaxial case approaches the free space impedance in the limit as the free 

space wave number approaches zero. 

A calculation of the Poynting vector and complex power flow is underway 

for the uniaxial case in the far fields and will be compared with the input 

impedance of the loop. 

A general z-directed filamentary current source is a uniaxial medium 

has been studied and it was found that the fields of such a source can be 

written by inspection if the free space fields are known. 

It is proposed in the coming period to complete a study of the far field 

Poynting vector and to compare the results of the quasi-static approximation 

with those of a source in a uniaxial medium. 
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2.  Cons t ruc t ion  of  a Gas Discharge Tube for Antenna Measurements i n  a 
Magneto-Anieotropic Plasma - Larry S. Nixon, G. L .  Duff 

A f t e r  cons ide r ing  seve ra l  d i f f e r e n t  b a s i c  tube  s t r u c t u r e s ,  i t  was f i n a l l y  

decided t o  use  a brush cathode tube  a s  desc r ibed  by Persson i n  t h e  NBS Report 

No.  8452. The primary reasons f o r  t h i s  choice  were: 

1. The plasma obta ined  i s  very uniform. 

2. 

3. The ion  d e n s i t y  w i l l  be i n  t h e  range f o r  t h e  d e s i r e d  X,  Y, and Z 

The plasma e l e c t r o n  temperature i s  very low (lOOO°K). 

9 

A s imple d ischarge  tube  employing one cheaply cons t ruc t ed  brush cathode 

plasma parameters  (X < 10, f=10 ). - 

was b u i l t  t o  determine i f  t he  d e s i r a b l e  p r o p e r t i e s  l i s t e d  aboue would be 

r e a l i z e d  i n  p r a c t i c e .  The cathode for t h i s  tube  was simply dime s t o r e  

s t r a i g h t  p ins  dropped through copper mesh wi th  t h e  p i n  heads s o f t  so ldered  t o  

the  mesh. The anode f o r  t h i s  tube was a s imple copper r ing ,  and two Langmuir 

probes were included f o r  plasma measurements. 

This  tube  worked w e l l  i n i t i a l l y ,  g iv ing  us  t h e  d e s i r e d  uniform, low 

temperature  plasma wi th  ion  d e n s i t i e s  of  t h e  proper  o r d e r  of magnitude. 

However, because of t h e  cheap cons t ruc t ion  s p u t t e r i n g  became a problem, 

e s p e c i a l l y  a t  lower p re s su res  where t h e  mean f r e e  pa th  became g r e a t e r ,  and 

a t  h ighe r  c u r r e n t s  our  cathode began t o  hea t ,caus ing  concern f o r  ou r  s o f t  

s o l d e r  cons t ruc t ion .  

C l e a r l y  t h e  primary problem then was t o  c o n s t r u c t  a tube  on t h e s e  same 

phys ica l  p r i n c i p l e s  but  wi th  good vacuum tube  m a t e r i a l s  and techniques.  One 

of t he  f i r s t  d e c i s i o n s  was t o  make t h e  p ins  of tungs ten .  

t h e  proper  l eng th  and d iameter  were ordered  and an e t ch ing  appara tus  was 

cons t ruc t ed  t o  p o i n t  100 p ins  s imultaneously.  

Tungsten rods of 

I n i t i a l l y  i t  was thought t h a t  t h e s e  tungs ten  p ins  could simply be s i l v e r  

so ldered  t o  a copper mesh i n  much t h e  same fash ion  a s  t h e  previous cathode 

c o n s t r u c t i o n .  A f t e r  some f r u s t r a t i n g  t r i a l s  wi th  t h i s  proposed technique,  i t  

became c l e a r  t h a t  t h i s  method l e f t  much t o  be d e s i r e d .  Cons t ruc t ion  of a j i g  

t o  hold t h e  p in  po in t s  i n  a plane du r ing  t h e  s o l d e r i n g  process ,  p revent ing  

t h e  s i l v e r  s o l d e r  from running down t h e  p ins ,  and c l ean ing  t h e  assemblage t o  

f a c i l i t a t e  reasonable  pump-down t i m e s ,  a l l  proved t o  be s e r i o u s  drawbacks t o  

t h i s  method. Also, s i l v e r  s o l d e r  and copper mesh a r e  no t  t h e  b e s t  meta ls  

a v a i l a b l e  f o r  use  i n  a vacuum tube cathode.  
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After some thought and consultation a much better construction process 
has been developed that shows every sign of success to this date, This 

method involves copper brazing all 1669 tungsten pins simultaneously to a 

molybdenum base plate. A jig to hold the pins in place was machined from 

compressed carbon. A thin layer of nickel is electroplated on the molybdenum 
base plate and the blunt tips of the pins. A copper paste is placed on the 
plate and the pins are held in place by the carbon jig as the whole assembly 

is heated to about lloo°C in a hydrogen furnace. 

Two cathodes required for our final tube design have already been 

successfully fabricated in this manner. The resulting cathodes should prove 

to be much better than the previous cathode constructed with dime store 

straight pins. Not only are the materials now being used much superior for 

cathode use, the pin points are now closer spaced (.060" centers) and sharper, 

thus,enhancing the field emission effects. The finished tube as pictured in 

Figure 1 should be in operation by June 1965. A s  is mentioned in Persson's 

report, this tube will have an anode of brush construction also to promote 

better anode contact with the plasma. 

During the next few months work will be completed on construction of the 

tube. The coils needed to produce the desired magnetic fields will be designed 

and constructed. The dimensions of the loop antenna and the necessary imped- 

ance measuring apparatus will be decided upon and assembled. Measurements of 

the plasma parameters will be made and tabulated for various pressures, currents, 

gases, and so forth so that the plasma will be a known quantity for the imped- 

anc e mea su remen t s . 
3. Propagation of Electromagnetic Waves in Linear Passive Media - 0. B, Kesler 

Properties of linear passive media are investigated by using a phenom- 

enological approach. Properties of fields that can propagate in a passive 

medium are postulated and from this properties of the constitutive relation- 

ship are deduced. A necessary positive real condition on the constitutive 

relationship is found and some of its simplications are considered. Also, 

the casuality condition which is necessary for realizable media is considered. 



LOOP ANTENNA 

Figure 1. 
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Next a general formulation of the spectrum of characteristic waves in 

lossless linear passive media is made. Because of an orthogonality condition 

for the characteristic waves of the medium, the fields due to an arbitrary 

source can be separated into components parallel to the characteristic waves. 

The components of the source field are dependent only upon the portion of the 

of the source parallel to their characteristic field and to their own sheet(s) 

of the dispersion surface. The theory is then applied to t w o  particular 

problems, electric dipoles in a general time-dispersive uniaxial medium and 

in an isotropic compressible plasma. Finally, the radiation field of an 

arbitrary source in a lossless linear passive medium is investigated using 

the spectral decomposition of the fields. By normalizing the length of the 

total Poynting tnector (electromagnetic plus medium) to unity for each charac- 

teristic field, a concise and physically interpretable expression for the 

source fields is obtained. These results are then applied to an anisotropic 

compressible plasma and to a magnetQ-iOnlC plasma. 

A technical report 6n this investigation has been prepared and will be 
issued shortly. 

4.  Biconical Antenna in an Anisotropic Medium - R. Mittra 
In order to investigate several questions which have come up while 

studying the impedance properties of antennas in magneto-ionic media, it was 

felt that a study of the biconical geometry will be fruitful. The static 

problem in this geometry has recently been investigated by several authors, 

but no solution of the dynamic problem has been reported. 

Two alternative approaches for formulating the problem are currently 

being investigated. The first one consists of the derivation of the wave 

equation in anisotropic medium corresponding to a spherical geometry. It 

has been possible to derive a coupled set of equations for the E and E 
components which, however, are not separable. 

0 r 

An alternative attach in terms of an integral equation is alsc being 

investigated. 
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5. Curren t  D i s t r i b u t i o n  and Input  Impedance of  a Thin C y l i n d r i c  Antenna 
i n  Plasma - Y. T. Lo 

The complete mathematical s o l u t i o n  i n  i n t e g r a l  form f o r  an i n f i n i t e  long  

c y l i n d r i c  antenna i n  a n i s o t r o p i c  plasma was obta ined  e a r l i e r .  As discussed  

i n  t h e  prev ious  r e p o r t ,  when the rad ius  of t h e  antenna approaches zero ,  t h e r e  

i s  no r e s idue  con t r ibu t ion .  During t h i s  per iod,  a major e f f o r t  is being made 

i n  t h e  numerical e v a l u a t i o n  of t h e  poles  for a nonvanishing r a d i u s  which a r e  

k iven  by t h e  roo t s  of  a t ranscendenta l  equat ion  invo lv ing  Hankel func t ions .  

T h i s  t u r n s  ou t  t o  be a very d i f f i c u l t  t a sk .  A program f o r  t h e s e  func t ions  

wi th  complex argument has  been w r i t t e n  and tested. Then a second program was 

w r i t t e n  f o r  t h e  t r anscenden ta l  equat ion  i n  coopera t ion  w i t h  t h e  genera l ized  

Newton-Ralphson - method f o r  determining the  roots .  F i r s t ,  some d i f f i c u l t i e s  

a r e  encountered i n  the  convergence i n  i t e r a t i o n .  Then another  program based 

on s t e e p e s t  descent  method was w r i t t e n ;  but  the convergence problem remained 

unresolved.  La te ly ,  i t  was found t h a t  t h i s  d i f f i c u l t y  i s  a c t u a l l y  caused by 

t h e  roundup e r r o r .  Up t o  the p resen t  on ly  one p a i r  of complex r o o t s  has been 

a c c u r a t e l y  determined; unfor tuna te ly ,  t h e y  a r e  t h e  r o o t s  which can be determined 

a n a l y t i c a l l y  as repor ted  e a r l i e r  (namely under the  case where a = @>, and a l s o  

do n o t  c o n t r i b u t e  t o  the  i n t e g r a l .  The work on sea rch ing  o t h e r  complex r o o t s  

i s  be ing  cont inued.  

By Watson's Lemma, i t  can be shown t h a t  t h e  c u r r e n t  a t  a l a r g e  d i s t a n c e  

from the  gene ra to r  v a r i e s  a s  exp - j ya lz] ,anci exp - j yp l z l ,  where y 

a r e  t h e  branch p o i n t s  of the  in tegrand  and equal  t o  k [K' T K")/E , 
k t h e  free space wave number, E t he  f r e e  space d i e l e c t r i c  cons t an t ,  K' and 

K t he  f i r s t  d iagonal  and off-diagonal  elements of the dielectric t enso r ,  

r e s p e c t i v e l y ,  a s  i nd ica t ed  i n  t h e  e a r l i e r  r epor t .  

l/$ 
0 0 

0 R 

Under the  cond i t ion  t h a t  t h e  dc  magnetic f i e l d  approaches i n f i n i t y ,  the 

d i e l e c t r i c  t e n s o r  becomes un iax ia l  and t h e  r e s u l t s  can be much s impl i f i ed .  

Th i s  i s  c u r r e n t l y  under s tudy.  

6 .  Study of  Aniso t ropic  Waveguides - I. Akkaya, Y. T. Lo 

The s tudy  of  waveguides f i l l e d  w i t h  a n i s o t r o p i c  plasma a s  d i scussed  i n  

t h e  prev ious  r epor t  i s  be ing  continued. The major problem a t  t h e  moment i s  

t o  determine numerical ly  t h e  roots of a t r anscenden ta l  c h a r a c t e r i s t i c  equat ion  

f o r  va r ious  va lues  of  plasma-frequency, and gyro-frequency, and r ad ius  of t h e  
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c i r c u l a r  guide.  As discussed  i n  the  l a s t  r e p o r t ,  co ld  plasma model ceases  t o  

be a v a l i d  approximation when t h e  wave number becomes very  l a r g e ,  e . g . ,  near  

gyroresonance. Thus, i n  t h i s  case ,  t h e  temperature  e f f e c t  of t h e  plasma must 

be cons idered .  

In t h e  c a s e  of a warm plasma model, it i s  found t h a t  t h e  modes t h a t  can 

e x i s t  i n  t h e  waveguide can be determined by so lv ing  t h e  fol lowing t ranscend-  

ent  a1  equat ion:  

= o  

Where 

q .  = [ci ki 7T j 
1 3 t i r=r 

0 

ni’s a r e  p o t e n t i a l  func t ions ,  

r = t h e  r ad ius  of t h e  waveguide, 
0 

= 2r/X’, A being t h e  f r e e  space wave l eng th ,  
kO 

J y = t h e  propagat ion cons tan t  a long t h e  a x i s  of  t h e  waveguide, 

i ki = k t (y )  , a func t ion  o f  y, t h e  form which; depends upon t h e  model t 
chosen f o r  t h e  warm plasma, 

and 

Ci , ( j  = 1, 2, 3) , a r e  t h e  func t ions  of  y and k t h e  fo rmsLof ’whkh  
j t’ 

a l s o  depend, on t h e  warm plasma model, 
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In o r d e r  t o  t a k e  i n t o  account the i n t e r a c t i o n  between t h e  e l ec t romagne t i c  

wave and t h e  charged p a r t i c l e s ,  a model based upon t h e  Boltzmann equa t ion  and 

t h e  Boltzmann d i s t r i b u t i o n  func t ion  i s  considered and t h e  expres s ions  f o r  

k i  ' s  and C ,  ' s  a r e  found. 

t enso r ,  t h e  elements of which a r e  given i n  terms of i n t e g r a l s  which can be 

eva lua ted  for t h e  l i m i t i n g  c a s e  of low temperature and h igh  d c  magnetic f i e l d ;  

but  t h e  expressions obtained i n  t h i s  way a r e  aga in  i n v a l i d  for gyroresonance. 

i 
t J 

However, t h i s  p a r t i c u l a r  model y i e l d s  a d i e l e c t r i c  

on t h e  o t h e r  hand, a plasma-f i l led c i r c u l a r  c y l i n d r i c a l  waveguide wi th  

a uniform dc magnetic f i e l d ,  which makes some angle  a wi th  t h e  a x i s  of t h e  

guide,  was a l s o  considered.  It i s  found t h a t  i n  t h i s  c a s e  i n  t h e  guide t h e r e  

cannot e x i s t  modes independent of one another .  But t h e  s o l u t i o n  of t h i s  

problem can  be given as t h e  s o l u t i o n  of an i n f i n i t e  set of l i n e a r  equa t ions  

of i n f i n i t e  unknowns, t h e  c o e f f i c i e n t  of each unknown being an i n f i n i t e  series 

of i n t e g r a l  forms and func t ions ,  t h e  v a l u e s  of which c a n  be found only by 

approximate or graph ica l  methods. However, for t he  l i m i t  o f  very high dc 

magnetic f i e l d  s t r e n g t h ,  t h e s e  func t ions  can be expressed e x p l i c i t l y .  
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7. F i n i t e  and I n f i n i t e  H-plane B i fu rca t ion  Waveguide wi th  An i so t rop ic  
Plasma Medium - S. W. Lee,  Y. T. Lo, and R. M i t t r a  

The problem of H-plane b i f u r c a t i o n  of  P a r a l l e l - p l a t e  waveguide w i t h  

i s o t r o p i c  medium has  been solved by Marcuvitz (19511, Hurd and Gruenberg (1954) 

and M i t t r a  ($964) v i a  d i f f e r e n t  methods. In  t h i s  i n v e s t i g a t i o n ,  t h e  same 

problem i s  considered except t h a t  the waveguide i s  f i l l e d  w i t h  a n i s o t r o p i c  

p l  asma. 

The geometry of  t h e  problem t o  be cons idered  i s  a r e c t a n g u l a r  guide of 

width a f i t t e d  w i t h  a p e r f e c t l y  conducting, i n f i n i t e l y  t h i n  septum s S a r t i n g  

from the  p lane  z = 0 and ex tending  t o  t h e  p lane  z = m. 
guide i s  the  homogeneous co ld  plasma w i t h  a s t a t i c  B f i e l d  p a r a l l e l  t o  t h e  

edge of t h e  septum, i. e . ,  along t h e  y-axis. Under t h i s  assumed model, the  

medium is  cha rac t e r i zed  by a r e l a t i v e  d ie lec t r ic  t enso r .  

The medium i n  t h e  

0 

0 - i E 2  I 
€3 

0 

2 2 -1 where El = 1 - (a /a) [ 1- <wc/w> J 
P 

where w and w a r e  the e l e c t r o n  plasma and cyc lo t ron  f requencies ,  r e spec t ive ly .  

Only a two-dimensional problem w i t h  no y-var ia t ion  i s  considered here .  

S t a r t i n g  w i t h  t h e  Maxwell equat ion,  i t  is  r e a d i l y  shown t h a t  the  wave equa- 

t i o n  f o r  E and H a r e  uncoupled. Therefore ,  w e  can cons ide r  s e p a r a t e l y  the  

s o l Q t i o n  w i t h  H = 0 (TE mode wi th  respect t o  z) and E = 0 (TM mode). 
Y Y 

The solhadon f o r  t h e  TE mode i s  t r i v i a l  s i n c e  i t  i s  i d e n t i c a l  t o  t h a t  when the  

guide  i s  f i l l e d  an i s o t r o p i c  medium w i t h  a r e l a t i v e  d i e l e c t r i c  cons t an t  

P C 

Y T 

E 
3' 
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The wave equat ion  f o r  H o f  TM mode is given by 
Y 

2 E E = €  - E2 It is  c l e a r  t h a t  TE 2 2  
0 0 IJ.0 0 '  1 2 -  

where k = k €/El , k = w 
z mode can propagate  only  when k 

i n  t u rn ,  sets a l i m i t  f o r  t h e  frequency w, namely, 

i s  a p o s i t i v e  r e a l  number. This  cond i t ion ,  

/2 + (a2 + W2/4)!/"2 < 0 < Og , upper band 
C P C 

We s h a l l  con f ine  our  d i scuss ion  t o  the.se two frequency ranges only.  

e lec t r ic  f i e l d  of  TE mode is  given by 

(2 1 

(3) 

The 

where h and h2 = i E  /mE E . 
i n f i n i t e  b i f u r c a t i o n ,  i .e.,  2 = 00 , and assume f o r  s i m p l i c i t y  t h a t  on ly  t h e  

dominant mode propagates  i n  t h e  l a r g e  guide A,  and the  z-component of  t h e  

i n c i d e n t  e l ec t r i c  f i e l d  i s  

= - E 2 / u E  E F i r s t ,  l e t  US cons ider  t h e  c a s e  O f  
1 0 1 0  

7l 7 
gi = s i n  - x 
Z a e 

where y 

cond i t ion  t o  be s a t i s f i e d  is  (1) E (x,z) = 0 a t  x = 0, a for a l l  z ;  

EZ(x,z) i s  cont inuous a t  x = b fo r  a l l  z ;  (3) the  t o t a l  t a n g e n t i a l  e lec t r ic  

f i e l d  E (x,z) = E 

H (x,z) i s  cont inuous a t  x = b, z < 0. 

t h a t  t h e  c u r r e n t  d e n s i t y  normal t o  t he  edge vanishes  a t  the  edge a s  

[(X-bl2 + z2I1I2 is  assumed. 

= [ ( R / C L ) ~  -k2]1/2 is a nega t ive  imaginary number. The boundary 
la 

(2) 
Z 

t i 
Z Z Z 

+ E vanishes  on t h e  septum x = b, 0 < z < ", and (4) 

Moreover, t h e  usua l -edge  c o n d i t i o n  
Y 
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Under these  cond i t ions  one can  s o l v  Equation (1) for H by t h e  Wiener- 

Through some tedipus manipulat ions,  the  s o l u t i o n s  a r e  given 
Y 

Hopf technique. 

below: 

, f o r  z < 0 a x - -  1 

s i n  - b n7T 
a 

( 5 )  

and 
yo(x-a) -ia z 

0 
e e 7Tb H - (-iyla) 1 YO 

2 H (x ,z )  = s i n  - a 2  Y h + h2 L (-iy 1 H-(ao)  a. + i y  s i n h y  C 
1 - l a  l a  0 

1 7T h l y l a  cos ; (x-a) + - 
h2 [ a + 2  2 

hl + h2 L(-iyla) 

I 

Glln 1 I ! c n7T cos - n7T (x-a) rt. C 
L (-iy )Hy(-iync) (ync - yla) L + nc 

f o r z > O ,  x > b  

where 

, 

(a) = ( i a p ) ( a . * l n  a - b I n  b - c I n  c) 

1 /2 
'nd = [(nn/d)' - k2] , f o r  d = a ,  b, c 
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For z > 0 and x < b, H (x,z) have the  same express ions  a s  given above except  
Y 

t h a t  (x-a) nn/c, y and c a r e  replaced by x,  n r h ,  ynbJ and b, r e spec t ive ly ,  

and the  s i g n  of  a l l  terms a r e  changed. O t h e r  f i e l d  components can be obta ined  

accordingly.  

exp - i a z type  a r e  TEM because t h e  corresponding E (X4z) i s  i d e n t i c a l l y  

zero .  However, i t  i s  d i f fd . r en t  from t h e  o rd ina ry  TEM mode of  an i s o t r o p i c  

guide  i n  t h e  fol lowing ways: ( a )  r a t h e r  than be ing  independent of  the  t r ans -  

v e r s e  dimension, i t  v a r i e s  exponen t i a l ly  a long x.; (b) i n  t h e  s c a t t e r e d  f i e l d  

g iven  by Equation (6), i t  is  not  continuous a t  x = b, and (c) whether i t  

pbopagates or not  depends s o l e l y  on t h e  p r o p e r t i e s  of  the  plasma medium. 

E x p l i c i t l y ,  i t  is propagated i f  a = k E , i s  a nega t ive  r e a l  number, 
0 0 1  

or  a > (0 
(a + acy’/2 , w e  conclude t h a t  f o r  the  frequency i n  t h e  upper band def ined  

by (3 )  t h e  TEM mode propagates.  Conversely, f o r  frequency i n  t h e  lower band 

de f ined  by Equation (21, t h e  TEM mode a t t e n u a t e s .  

ncJ  

I t  may be noted t h a t  t h e  modes w i t h  t h e  v a r i a t i o n  of  exp y z ,  0 

0 z ,  

2 1/2 > - + ac) 1’2 . Because of  the r e l a t i o n  a /2 + (0 + ac /4> 
C P 

P 

Since  t h e  TEM mode has  z e r o  E (x ,z)  component, i t  is  seen t h a t  t h e  
Z 

i n c i d e n t  f i e l d  i n  t h e  above ana lys i s  i s  not  uniquely s p e c i f i e d  by mere ly  

g i v i n g  E a s  i n  Equation ( 4 ) .  However, t h i s  does no t  a f f e c t  the  uniqueness 

of  o u r  s o l u t i o n  a s  f a r  a s  t h e  s c a t t e r e d  f i e l d  i s  concerned, because an i n c i d e n t  

TEM mode does not  g ive  rise t o  any s c a t t e r e d  f i e l d  s i n c e  i t  propagates  f r e e l y  

i n  the guide without being d i s tu rbed  by t h e  septum. 

i 
Z’ 

For the case  of f i n i t e  b i f u r c a t i o n ,  an approximate s o l u t i o n  can be 

Obtained for l a r g e  1. However, due t o  t h e  complexity,  i t  i s  no t  given here, 

and t h e  r eade r s  may be referred t o  t h e  t e c h n i c a l  r e p o r t  by Lee ,  Lo.and M i t t r a  

(1964) .  
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8. H-plane Bifurcation of Waveguide with Compressible Plasma Medium - 
S .  W. Lee, Y. T. Lo 
In this investigation, the classical problem of H-plane bifurcation is 

considered when the medium in the guide is a homogeneous, covpressible plasma. 

The plasma is treated as an electron gas. The motion of ions and dissipative 

effects such as collisions are neglected. Also, it is assumed that signals and 

perturbation are sufficiently small for the linearized fluid equations to be 

valid. 

Starting with the following basic equations: (1) ejauation of motion, 

(2) equation of continuity, (3)  equation of state, and (4) Maxwell equations, 

one can obtain two uncouple& equations for magnetic field and pressure: 

k 2 + k 2 ]  e E = O  

b 2 + k 2 ]  P = O  
P 

where 
2 2 2 2 E  E = I -  (Up/w)2 and k2 = 0 2 2  E /V 

1 Is P k e = k  0 E l ,  k o = W / p o O ,  

The other two field quantities and 1 are given by 

First, assume that the incident wave is one of the propagating modes of 

the large guide of width 2a, namely, 

i a z  
0 x + fl(ao) cosh y eo 

Y 



where 

1 4  

2 1/2 
= ( a 2 - k  ) 

yPO 0 P 

A l ( a )  = [h  1 h4 
3 ye yp s inh  yp a cos  y a + h2 h3 a cosh y a s i n h  y a ]  e P e 

2 
d2 (a )  = [h2 h3 a s i n h  y a cosh y a + h h y y s i n h  y a cosh y a] ' P  e 1 4 e p  e P 

h h2, h and h a r e  parameters of  t h e  plasma medium. 1' 3 4 

By Wiener-Hopf technique,  the s o l u t i o n  f o r  s c a t t e r e d  f i e l d  has  been obta ined  

but  i s  t o o  complicated t o  be included here. For numerical example, t h e  

c h a r a c t e r i s t i c  r o o t s  of A (a) and A (a) must be solved f i r s t ,  and t h i s  W i l l  

be performed a t  t h e  next  s t a g e  of  i nves t iga t ion .  
1 2 

9. Waveguides F i l l e d  With Warm Plasma - C. Liang, Y. T. Lo 

The o b j e c t i v e  of t h i s  s tudy  i s  t o  analyze the f i e l d  behaviors  i n s i d e  a 
L ( - 1  

waveguide e i the r  of r ec t angu la r  or of c i r c u l a r  c r o s s  s e c t i o n  which i s  f i l l e d  

w i t h  warm (compressible) plasma. Ul t imate ly  our  i n t e r e s t  w i l l  be centered  

upon the  coupl ing  between e lec t romagnet ic  and a c o u s t i c  waves, the  f i e l d s  

produced by an a r b i t r a r y  source i n  t he  guide,  and t h e  impedance p resc r ibed  a t  

t h e  inpu t  of t h e  source.  S ince  a p lasma-f i l led  guide w i t h  p e r f e c t  conduct ing 

w a l l s  i s  p h y s i c a l l y  r e a l i z a b l e ,  i t  is  hoped t h a t  experimental  i n v e s t i g a t i o n s  

can subsequent ly  be performed t o  v e r i f y  t h e  a n a l y t i c a l  r e s u l t s ,  obtained under 

t h e  assumed boundary cond i t ions .  It i s  gene ra l ly  assumed t h a t  the  e l e c t r o n  

f l u i d  cannot p e n e t r a t e  t h e  guide wall .  Without t h i s  assumpbion, the  f l u x  

t r a n s p o r t  ac ross  t h e  metal  boundary w i l l  no doubt c r e a t e  a charge s e p a r a t i o n  

i n  t he  plasma and, t hus  a plasma sheath a t  t h e  boundary. Never the less ,  w e  

w i l l  make use  of  the  s imple but  r a t h e r  dubious cond i t ions  a t  t h e  metal  bound- 

a ry ,  bu t  i t  i s  of i n t e r e s t  t o  note  any d e v i a t i o n  between our  a n a l y t i c a l  r e s u l t s  

and t h e  a c t u a l  experimental  observat ions.  



Current ly ,  w e  a r e  i n v e s t i g a t i n g  the  source- f ree  f i e l d  s o l u t i o n  i n s i d e  a 

plasma-f i l led  guide assuming t h a t  t h e  t a n g e n t i a l  e l e c t r i c  f i e l d s  vanish  on 

t h e  w a l l s  and t h a t  there i s  no e l e c t r o n  f l u x  t r a n s p o r t  across  t h e  metal  

boundary. The plasma medium i s  descr ibed  by the  one-component ( e l e c t r o n )  

f l u i d  model wi th  t h e  motion of the heav ie r  ions  neglec ted ,  w i t h  no e x t e r n a l  

magnetic f i e l d  appl ied ,  and without  c o l l i s i o n  between p a r t i c l e s .  Of course ,  

i n  t he  f l u i d  model t h e  p re s su re  i s  assumed t o  be a scalar ,  propor t iona l  t o  

the square  of t h e  average thermal v e l o c i t y  t i m e s  t h e  number of e l e c t r o n s  i n  

t he  s y s t e m .  With t h e  usua l  l i n e a r i z a t i o n  process ,  w e  g e t  t h e  fol lowing b a s i c  
- i w t  equa t ions  ( w i t h  e t i m e  v a r i a t i o n )  : 

0 

Fur the r ,  i f  w e  l e t  H = H * E = E + E , w e  can e a s i l y  s e p a r a t e  t h e  per turba-  
-P 

t i o n s  i n t o  two modes w i t h  exp yz v a r i a t i o n  along the  a x i s  of t h e  guide 

(1) EM mode: 

- NO ' - -0 

V * H  = O  2 
-0 

(v + k 2 ) H  = O ,  
0 -0 

2 2  
E ( 1 - 0  / w )  

2 2 where k = y  + W  
0 Po 0 P 

1 2 2 2 2  1 2 2 

2 S 

(w - w where k = y + 7 (0 + k  ) P = O  
P P P 0 

w 
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The solutions of the differential equations can be readily obtained by 

applying the appropriate boundary conditions. For each model solution, the 

propagation constant of the wave must be determined from a determinental 

equation which is quite involved. 

After we have studied the source-free field behaviors in the rectangular 

as well as the circular plasma-filled waveguides, we are planning to begin 

the investigation of the excitation problem by inserting a simple source into 

the guide (e.g., a small dipole). We hope that this will lead us into a better 

Understanding of the waves in a warm plasma and provide us some information 
of the assumed boundary conditions if the experimental verification is feasible. 

10. Excitation of a Plasma Slab and Other Related Problems - R. Mittra 
The purpose of the work reported in this section is to study the radiation 

and excitation phenomenon from geometries which involve various plasma con- 

figurations, isotropic and anisotropic. To this end we have formulated the 

problem of a parallel plane waveguide exciting an isotropic dielectric slab 

which corresponds to the case of an isotropic plasma layer, A function 

theoretic technique has been used to seek the solution to the problem. The 

procedure is different from the Wiener-Hopf technique commonly applied t o  

solve such problems. The advantage of the present method is that it may 

be extended to other problems which do not fall in the Wiener-Hopf category. 

Some of these, including the case of the anisotropic plasma, will be investi- 

gated in the future. 
I ?  A paper entitled An Alternative Approach to the Solution of a Class of 

Wiener-Hopf and Related Problems," has been accepted for presentation at the 

EM Theory Symposium in Delft, to be held September 6 - 11, 1965. 
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